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This article being addressed, in general, to the specialists in the theory of repre-
sentations of finite dimensional reductive and infinite dimensional Z–graded Lie al-
gebras, the theory of approximations in functional analysis and asymptotical meth-
ods in the operator calculus and, partially, in the mathematical physics (algebraic
quantum field theory), is devoted to an investigation of algebraic and analytic struc-
ture of infinite dimensional hidden symmetries in the theory of representation of
finite dimensional reductive Lie algebras. More precisely, the subject of the paper
is a realization of the infinite dimensional Z–graded Witt algebra of all Laurent
polynomial vector fields on a circle and its one-dimensional nontrivial central ex-
tension (the Virasoro algebra) by hidden symmetries in the Verma modules over
the Lie algebra sl(2,C) (the so-called qR–conformal symmetries). These infinite di-
mensional Lie algebras are realized by the qR–conformal symmetries approximately.
In the article there are considered two kinds of approximate representations: the
representations up to a class S of operators (Hilbert-Schmidt operators, compact
operators or finite-rank operators) and asymptotic representations “mod O(~)”,
where ~ is a parameter (in this case several definitions of an operator “O–large” by
the parameter ~ are possible). The approximate representations of the first kind
may be naturally considered in the context of the pseudo-differential calculus [1,2],
whereas ones of the second kind – in the context of the asymptotic methods [3-5].
Note that the asymptotic representations “mod O(~)” were explored in the formal-
ism of the Karasev-Maslov asymptotic quantisation [6], and representations up to
S are certain generalisations of the projective representations [7,8].
Results of the article, some of which were anonced in the electronic preprints of
the electronic archive on functional analysis (the Los Alamos National Laboratories,
USA), should be considered more as observations than as theorems with laborious
proofs, which are not clear from their formulations. Proofs of all facts are performed
really in one step and are bulky computative exercises (omitted where it is possible)
1 This is an English translation of the original Russian version, which is located at the end of
the article as an appendix. In the case of any differences between English and Russian versions
caused by a translation the least has the priority as the original one.
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based on the formulas derived by the author earlier; thus, the attention should be
devoted, in general, to the formulations of results themselves.
§1. Preliminary definitions
1.1. The Lie algebra sl(2,C) and Verma modules over it. Lie algebra sl(2,C)
is a three-dimensional space of 2×2 complex matrices with zero trace supplied by the
standard commutator [X, Y ] = XY −Y X , where the right hand side multiplication
is the standard matrix multiplication. In the basis
l−1 =
(
0 1
0 0
)
, l0 =
(
1
2
0
0 −12
)
, l1 =
(
0 0
−1 0
)
the commutation relations are of the form: [li, lj] = (i− j)li+j (i, j = −1, 0, 1). Lie
algebra sl(2,C) is Z–graded: deg(li) = − ad(l0)li = i, where ad(X) is the adjoint
action operator in the Lie algebra: ad(X)Y = [X, Y ]. Therefore, Z–graded modules
over sl(2,C) are l0–diagonal. A vector v in a Z–graded module over the Lie algebra
sl(2,C) is called extremal iff l1v = 0 and the linear span of vectors l
n
−1v (n ∈ Z+)
coincides with the module itself (i.e. v is a cyclic vector). A Z–graded module with
an extremal vector (in this case it is defined up to a multiplier) is called extremal
[11]. An extremal module is called the Verma module [12] iff the action of l−1
is free in it, i.e. the vectors ln−1v are linearly independent. In the case of the
Lie algebra sl(2,C) the Verma modules are just the same as infinite dimensional
extremal modules. An extremal weight of the Verma module is the number defined
by the equality l0v = hv, where v is the extremal vector. The Verma modules are
defined for all complex numbers h and are pairwise nonisomorphic. Below we shall
consider the Verma modules with real extremal weights only.
The Verma module Vh over the Lie algebra sl(2,C) with the extremal weight
h may be realized in the space C[z] of polynomials of a complex variable z. The
formulas for the generators of the Lie algebra sl(2,C) are of the form:
l−1 = z, l0 = z∂z + h, l1 = z∂
2
z + 2h∂z,
here ∂z =
d
dz
.
The Verma module is nondegenerate (i.e. does not contain any proper sub-
module) iff h 6= −n2 (n ∈ Z+). The Verma module Vh is called unitarizable (or
hermitean) iff it admits a structure of the pre-Hilbert space such that l∗i = l−i. The
completion of the unitarizable Verma module will be denoted by V Hilbh . The Lie
algebra sl(2,C) acts in V Hilbh by the unbounded operators. Also it is rather useful
to consider the formal Verma modules V formh , which are realized in the space C[[z]]
of formal power series of a complex variable z, whereas the formulas for generators
of the Lie algebra sl(2,C) coincide with ones above. Note that Vh ⊆ V
Hilb
h ⊆ V
form
h
and modules Vh, V
Hilb
h , V
form
h form the Gelfand triple or the Dirac equipment of the
Hilbert space V Hilbh . An action of the real form of the Lie algebra sl(2,C) generated
by the anti-Hermitean operators il0, l1 − l−1 and i(l1 + l−1) in the Hilbert space
V Hilbh by the unbounded operators is exponentiated to a unitary representation of
the corresponding simply connected Lie group.
In the nonunitarizable Verma module over the Lie algebra sl(2,C) there exists
the unique (up to a scalar multiple) indefinite sesquilinear form (·, ·) such that
(liv1, v2) = (v1, l−iv2) for any two vectors v1 and v2 from the Verma module. If this
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sesquilinear form is nondegenerate (in this case the Verma module is nondegenerate)
then it has a signature (n,∞), where n is finite, and therefore, there is defined a
Pontryagin completion [10] of the Verma module. The corresponding module in
which the Lie algebra sl(2,C) acts by the unbounded operators will be denoted
by V Pontrh . The following chain of inclusions holds: Vh ⊆ V
Pontr
h ⊆ V
form
h . An
action of the real form of the Lie algebra sl(2,C) generated by the anti-Hermitean
(with respect to the nondegenerate indefinite sesquilinear form (·, ·)) operators il0,
l1− l−1 and i(l1+ l−1) in the Pontryagin space V
Pontr
h by the unbounded operators
is exponentiated to a pseudounitary representation of the corresponding simply
connected Lie group.
1.2. Hidden symmetries in Verma modules over the lie algebra sl(2,C):
Lobachevskii-Berezin C∗–algebra and qR–conformal symmetries.
Proposition 1 [13]. In the nondegenerate Verma module Vh over the Lie algebra
sl(2,C) there are uniquely defined the operators D and F such that
[D, l−1] = 1, [D, l0] = D, [D, l1] = D
2,
[l−1, F ] = 1, [l0, F ] = F, [l1, F ] = F
2.
If the Verma modules are realized in the space C[z] of polynomials of a complex
variable z then
D = ∂z, F = z
1
ξ+2h ,
where ξ = z∂z. The operators F and D obey the following relations:
[FD,DF ] = 0, [D,F ] = qR(1−DF )(1− FD),
where qR =
1
2h−1 . In the unitarizable Verma module (qR 6=0) the operators F and
D are bounded and F ∗ = D, D∗ = F .
The algebra generated by the variables t and t∗ with the relations [tt∗, t∗t] = 0
and [t, t∗] = qR(1− tt
∗)(1− t∗t) being the Berezin quantization of the Lobachevskii
plane realized in the unit complex disc (the Poincare` realization) [14] is called the
Lobachevskii-Berezin algebra. Proposition 1 allows to consider the Lobachevskii-
Berezin algebra as a C∗–algebra. The Lobachevskii-Berezin C∗–algebra war redis-
covered recently by S.Klimek and A.Lesnievsky [15].
Proposition 2 [13]. In the nongenerate Verma module Vh over the Lie algebra
sl(2,C) there are uniquely defined the operators Ln (n ∈ Z) such that
[li, Ln] = (i− n)Li+n (i = 1, 2, 1; n ∈ Z),
moreover, Li = li (i = −1, 0, 1). If the Verma modules are realized in the space
C[z] of polynomials of a complex variable z then
Lk = (xi+ (k + 1)h)∂
k
z (k ≥ 0), L−k = z
k ξ+(k+1)h
(ξ+2h)...(ξ+2h+k−1)
(k ≥ 1),
where ξ = z∂z. The operators Ln obey the following relations:
[Ln, Lm] = (n−m)Ln+m, if n,m ≥ −1 or n,m ≤ 1.
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In the unitarizable Verma module the operators Ln are unbounded and L
∗
i = L−1.
The operators Ln are called the qR–conformal symmetries. They may be sym-
bolically represented in the form:
Ln = D
nhL0D
n(1−h), L−n = F
n(1−h)L0F
nh.
To supply the symbolical recording by a sense one should use the general commu-
tation relations
[Ln, f(D)] = (−D)
n+1f ′(D) (n ≥ −1), [L−n, f(F )] = F
n+1f ′(D) (n ≥ −1)
for n = 0.
The commutation relations for the operators D, F and the generators of qR–
conformal symmetries with the generators of the Lie algebra sl(2,C) mean that the
families Jk and Lk (k ∈ Z), where Ji = D
i, J−i = F
i (i ∈ Z+), are families of
tensor operators [8,16] for the Lie algebra sl(2,C).
To the families of tensor operators Jk and Lk one may correspond the generating
functions – the operator fields, i.e. the formal Laurent series of a complex variable
u with operator coefficients:
J(u) =
∑
i∈Z
Ji(−u)
−1−i, T (u) =
∑
i∈Z
Li(−u)
−2−i.
For any value of u an operator field realizes a mapping from Vh into V
form
h . The
fact that Jk and Tk (k ∈ Z) form families of tensor operators on the language of
operator fields means that
[li, J(u)] = (−u)
iJ(u)− (−u)i+1J ′(u), [li, T (u)] = 2(−u)
iT (u)− (−u)i+1T ′(u).
The operator fields V (u), which transform as s–differentials under the action of
the Lie algebra sl(2,C) (i.e. which obey the identity [li, V (u)] = s(−u)
iV (u) −
(−u)i+1V ′(u)), are called the sl(2,C)–primary fields of spin s; so the operator
fields J(u) and T (u) are sl(2,C)–primary ones of spin 1 and 2. The operator fields
J(u) and T (u) as well as their properties are explored in detail in [13].
1.3. Infinite dimensional Z–graded Lie algebras: the Witt algebra wC of
all Laurent polynomial vector fields on a circle and the Virasoro alge-
bra virC, its one-dimensional nontrivial central extension. The Lie algebra
Vect(S1) is realized in the space of C∞–smooth vector fields v(t)∂t on a circle
S1 ≃ R/2piZ with the commutator
[v1(t)∂t, v2(t)∂t] = (v1(t)v
′
2(t)− v
′
1(t)v2(t))∂t.
In the basis sn = sin(nt)∂t, cn = cos(nt)∂t, h = ∂t the commutation relations have
the form:
[sn, sm] =
1
2 ((m− n)sn+m + sgn(n−m)(n+m)s|n−m|),
[cn, cm] =
1
2 ((n−m)sn+m + sgn(n−m)(n+m)s|n−m|),
[sn, cm] =
1
2 ((m− n)cn+m − (m+ n)c|n−m|)− nδnmh,
[h, sn] = ncn, [h, cn] = −nsn.
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Let us denote by VectC(S1) the complexification of the Lie algebra Vect(S1). In
the basis en = ie
ikt∂t the commutation relations in the Lie algebra Li Vect
C(S1)
have the form:
[ej , ek] = (j − k)ej+k.
It is rather convenient to consider an imbedding of the circle S1 into the complex
plane C with the coordinate z, so that z = eit on the circle and the elements
of the basis ek (k ∈ Z) are represented by the Laurent polynomial vector fields:
ek = z
k+1∂z. The Z–graded Lie algebra generated by the Laurent polynomial vector
fields (i.e. by the finite linear combinations of elements of the basis ek) is called the
Witt algebra and is denoted by wC. The Witt algebra wC is the complexification of
the subalgebra w of the algebra Vect(S1) generated by the trigonometric polynomial
vector fields on a circle S1, i.e. by the finite linear combinations of elements of the
basis sn, cn and h.
The Lie algebra Vect(S1) admits a nontrivial one-dimensional central extension
defined by the Gelfand-Fuchs 2-cocycle [17]:
c(v1(t)∂t, v2(t)∂t) =
∫ 2pi
0
(v′1(t)v
′′
2 (t)− v
′
2(t)v
′
1(t)) dt.
This extension being continued to the complexification VectC(S1) of the Lie algebra
Vect(S1) and reduced to the subalgebra wC defines a central one-dimensional ex-
tension of the Witt algebra, which is called the Virasoro algebra and is denoted by
virC. The Virasoro algebra is generated by the elements ek (k ∈ Z) and the central
element c with the commutation relations:
[ej , ek] = (j − k)ej+k +
j3 − j
12
c
and is the complexification of a central extension vir of the Lie algebra w. In the
irreducible representation the central element c of the Virasoro algebra is mapped
to a scalar operator, which is proportional to the identity operator with a coefficient
called the central charge.
§2. HS–projective representation of the Witt algebra
in Verma modules over the Lie algebra sl(2,C)
2.1. A–projective representations [9].
Definition 1A. Let A be an associative algebra represented by linear operators in
the linear space H and g be the Lie algebra. The linear mapping T : g 7→ End(H)
is called a A–projective representation iff for any X and Y from g there exists an
element of the algebra A represented by the operator AXY such that
[T (X), T (Y )]− T ([X, Y ]) = AXY .
If H is infinite dimensional then the representation may be realized by the un-
bounded operators with suitable domains of definition.
Remark 1. Definition 1A may be generalized for arbitrary anticommutative algeb-
ras. In this situation it is deeply related to the constructions of representations of
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the anti-commutative algebras jl(2,C) and sl∗(2,C) from [18,19;20:§2]. In general,
it should be considered in the context of old ideas of A.I.Maltsev on representations
of arbitarary nonassociative algebras [21]. General anti-commutative algebras and
constructions of their A–projective representations are interesting for the theory
of quasi-Hopf algebras, which are nonassociative as coalgebras, jacobian and c-
jacobian quasi-bialgebras and related structures (see refs in [9]).
Example. If (g, h) is a reductive pair then any representation of the Lie algebra g is a
U(h)–projective representation of the binary anticommutative algebra p (g = h⊕p,
the binary operation in p has the standard form: [X, Y ]p = pi([X, Y ]), where [·, ·] is
the commutator in g and pi is the projector of g onto p along h [22]).
Remark 2. The standard projective representation is a particular case of Def.1A if
the algebra A is one-dimensional and acts in H by scalar operators.
Remark 3. IfH is a Hilbert (or pre-Hilbert) space then one may consider the algebra
HS of all Hilbert-Schmidt operators as A. It is possible to consider the algebras B,
K, T C and FR of all bounded, compact, trace class and finite-rank operators, too.
Definition 1B. Let A be an associative algebra with an involution ∗ symmetrically
represented in the Hilbert space H. If g is a Lie algebra with an involution ∗ then its
A–projective representation T in the space H is called symmetric iff for all elements
a from g T (a∗) = T ∗(a). Let g be Z–graded Lie algebra (g = ⊕n∈Zgn) with an
involution ∗ such that g∗n = g−n and involution is identical on the subalgebra
g0. Let us extend the Z–grading and the involution ∗ from the Lie algebra g to
the tensor algebra T·(g). A symmetric A–projective representation of g ia called
absolutely symmetric iff for any element a of the algebra T·(g) such that deg(a) = 0
the identity T (a) = T ∗(a) holds (here the representation T of the Lie algebra g in
H is extended to the mapping of T·(g) into End(H).
Definition 1C. A A–projective representation T of the Lie algebra g in the linear
spaceH is called almost absolutely closed iff for any natural n and arbitrary elements
X0, X1, X2, . . .Xn+1 of the Lie algebra g there exists an element ϕ(X0, X1, X2, . . .
Xn+1) of the algebra g such that
[ . . . [[T (X0), T (X1)], T (X2)], . . . , T (Xn+1)]≡T (ϕ(X0, X1, X2, . . .Xn+1)) (mod A),
here A is considered as represented in End(H). An almost absolutely closed A–
projective representation T of the Lie algebra g in the linear space H is called
absolutely closed iff ϕ(·, . . . , ·) ≡ 0.
The mappings (X0, X1, X2, . . .Xn+1) 7→ ϕ(X0, X1, X2, . . .Xn+1) associated with
an almost absolutely closed A–projective representation of the Lie algebra g define
the higher brackets in the Lie algebra g. Objects with higher brackets systematically
appear in many branches of mathematics and mathematical physics (see e.g. the
book [6] or the article [23] among others and numerous references wherein).
2.2. HS–projective representation of the Witt algebra by qR–conformal
symmetries in the unitarizable Verma modules Vh over the Lie algebra
sl(2,C) [9]. Note that the Witt algebra wC admits a natural involution ∗.
Theorem 1A. The generators Lk (k ∈ Z) of qR–conformal symmetries in the
unitarizable Verma module Vh over the Lie algebra sl(2,C) realize an absolutely
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symmetric HS–projective representation of the Witt algebra wC. Adding the tensor
operators Jk (k ∈ Z) to the tensor operators Lk one receives an absolutely symmet-
ric HS–projective representation of a semi-direct sum of the Witt algebra and the
infinite-dimensional Z–graded Heisenberg algebra (the one-dimensional central ex-
tension of the infinite-dimensional Z–graded abelian Lie algebra C[z, z−1] of Laurent
polynomials).
The statement of the theorem follows from the explicit formulas for generators of
qR–conformal symmetries and tensor operators Jk. A verification on the belonging
to the class HS of Hilbert-Schmidt operators for operators of the fixed degree
with respect to the grading in the Z–graded space of polynomials C[z] supplied by
the certain scalar product with orthogonal weight spaces (such as any unitarizable
Verma module over the Lie algebra sl(2,C) is) does not produce any problems.
Remark 4. The HS–projective representations of the Witt algebra in the unitari-
zable Verma modules over sl(2,C) are absolutely closed.
Remark 5. Theorem 1A is generalized for the pseudo-unitary case with the sub-
stitution of the class HS of Hilbert-Schmidt operators to the class K of compact
operators.
The results on the “exponentiated” version of Theorem 1A are announced in the
e-prints [24,25].
2.3. FR–projective representations of the Witt algebra in Verma mo-
dules over the Lie algebra sl(2,C) with the extremal weight 1 and 1
2
. The
sattement of Theorem 1A may be strengthened in some particular cases.
Theorem 1B. For h = 1 or h = 12 the HS–projective representation of the Witt
algebra by qR–conformal symmetries in the unitarizable Verma modules over the
Lie algebra sl(2,C) is FR–projective. For h = 12 the HS–projective representation
of a semi-direct sum of the Witt algebra and the infinite-dimensional Heisenberg
algebra is also FR–projective.
The statement follows from the explicit formulas for tensor operators Lk and Jk.
Remark 6. For h = 0 the K–projective representation of the Witt algebra in the
Verma module over the Lie algebra sl(2,C) is FR–projective.
2.4. B–projective representations of the Witt algebra. Note that one of
disadvantages of many A–projective representations, in particular, if A is a cer-
tain operator class K, HS, T C or FR, is that their set is not closed under tensor
products, in general. For the class B of bounded operators the tensor products of B–
projective representations are defined. However, any S–projective representation,
where S is one of classes above, is B–projective and as such is sometimes nontrivial
(when the initial representation is realized by unbounded operators), that allows
to construct their tensor products, which will be nontrivial B–projective represen-
tations in this case.
Let us call a S–projective representation of the Lie algebra g (S is a certain
operator class) S–irreducible iff the representation operators can not be simulta-
neously transform by an addition of elements of S to the form, in which they have
a common proper invariant subspace.
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Theorem 2. Let Th be the B–projective representation of the Witt algebra w
C by
the qR–conformal symmetries in the Verma module Vh over the Lie algebra sl(2,C)
then the B–projective representations Sn(Th) (here S
n denotes the functor of the
n-th symmetric degree, cf.[26]) are B–irreducible.
The statement of the theorem follows from the explicit formulas for generators
of qR–conformal symmetries.
Remark 7. Decompositions of the tensor products Th1 ⊗ . . .⊗ Thn of B–projective
representations Thi on B–irreducible components are not known in general case.
§3. Asymptotic representations of the Witt algebra and the
Virasoro algebra in Verma modules over the Lie algebra sl(2,C)
3.1. The asymptotics of qR–conformal symmetries in Verma modules Vh
over the Lie algebra sl(2,C) at qR → 0 (h→
1
2) and at qR → 1 (h→ 1) and
the Witt algebra wC. Let A be the algebra of all finite linear combinations of
expressions of the form f(qp)pn (n ∈ Z+) or q
nf(qp) (n ∈ Z+), where [p, q] = 1
and f are rational functions, whose denominators have no zeroes in integer points.
Let us call the algebra A the extended Weyl algebra. The extended Weyl algebra is
a topological algebra with respect to natural convergence.
Lemma. The extended Weyl algebra A admits a strict representation in the Verma
module Vh (h 6∈ Z/2):
p→ ∂z, q → z.
Generators of qR–conformal symmetries Lk (k ∈ Z) as well as generators D, F of
the Lobachevskii-Berezin algebra belong to the image of the extended Weyl algebra
A.
Below we shall interpret the “O–large” for the asymptotics of operators in the
Verma modules over the Lie algebra sl(2,C) with non-half-integer extremal weights,
which belong to the extended Weyl algebra (because its representations in the
Verma modules are strict one can identify the algebra itself with its image) in the
sense of topology in the extended Weyl algebra.
Theorem 3A. Generators of qR–conformal symmetries in the Verma modules
V 1
2
+~ (0 < ~ <
1
2 ) over the Lie algebra sl(2,C) form an asymptotic “mod O(~)”
representation of the Witt algebra wC.
Generators of qR–conformal symmetries in the Verma modules V1±~ (0<~<
1
2 )
over the Lie algebra sl(2,C) form an asymptotic “mod O(~)” representation of the
Witt algebra wC, too.
The first statement of the theorem, which immediately follows from the explicit
form of generators of qR–conformal symmetries, was in fact proved in [10], where
the corresponding “exponentiated” version was considered. The second is similar
to the first.
Remark 8. The statement of the theorem is not true if the “O–large” is considered in
sense of (weak) operator convergence in the space of operators in the Verma modules
Vh over the Lie algebra sl(2,C) identified with the space C[z] of polynomials.
An answer on the question on a “divergence” between theorem 3A and the
remark 8 is in the following: the strict representations of the extended Weyl algebra
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do not even exist for the limit value ~=0, but being continuous (in a weak operator
topology in the space Vh) for all values of the parameter ~ from an interval 0 <
~ < 12 , are not uniformly continuous on this interval. Note that the continuous
representations of the extended Weyl algebra in the verma modules Vh over the Lie
algebra sl(2,C) can be extended to representations by unbounded operators in the
spaces V Hilbh (or V
Pontr
h ), and, therefore, uncontinuous, that, however, is typical for
the representation theory of Lie algebras.
3.2. The estimation “mod HS” of the second term of the asymptotics
of qR–conformal symmetries in Verma modules Vh over the Lie algebra
sl(2,C) at qR→ 0 (h→
1
2
) and at qR→ 1 (h→ 1) and the Virasoro algebra
virC. Under the “hybridization” of the approximations “mod O(~n)” and “mod S”
an interesting phenomenon of “noncommutativity” of estimations is observed, the
asymptotics of qR–conformal symmetries supply us by an example.
Theorem 3B. For generators of qR–conformal symmetries in the Verma mod-
ules V 1
2
+~ (0 < ~ <
1
2) over the Lie algebra sl(2,C) the following asymptotics
“mod O(~2)” exists:
[Li, Lj] = (i− j)Li+j + ~A+O(~
2),
where
A ≡
2
3
(i3 − i)δij mod HS .
So generators of qR–conformal symmetries form an approximate representation of
the Virasoro algebra virC for h→ 12 in the specified sense.
For generators of qR–conformal symmetries in the Verma modules V1±~ (0<~<
1
2 ) over the Lie algebra sl(2,C) the following asymptotics “mod O(~
2)” exists, too:
[Li, Lj] = (i− j)Li+j + ~A+O(~
2),
where
A ≡
2
3
(i3 − i)δij mod HS .
So generators of qR–conformal symmetries form an approximate representation of
the Virasoro algebra virC for h→ 1 in the specified sense.
In the statement of the theorem the estimations “mod O(~2)” are interpreted
in the sense of a convergence in the extended Weyl algebra A, and HS denotes the
set of all elements of this algebra, which are realized by Hilbert-Schmidt operators
under the strict representation in the Verma modules over the Lie algebra sl(2,C)
for all sufficiently small values of ~ (otherwords, if pih is the representation of A in
Vh and HSh is the space of Hilbert-Schmidt operators in Vh then in the theorem
HS is interpreted as
lim
~→0
⋂
h0<h<h0+~
pi−1h (HSh ∩pih(A)),
where h0 =
1
2 or h0 = 1).
The result of Theorem 3B follows from explicit computations. Let us compute the
commutator [L2, L−2] and estimate it that is enough for the determination of the
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central charge of the Virasoro algebra. The Verma module Vh is realized in the
space C[z] of polynomials, ξ = z∂z , and generators of qR–conformal symmetries are
defined by expressions written above. Then for h→ 12
[L2, L−2] =
(ξ+3h)2(ξ+1)(ξ+2)
(ξ+2h)(ξ+2h+1) −
(ξ+3h−2)2ξ(ξ−1)
(ξ+2h−1)(ξ+2h−2) =
(ξ+
3
2+3~)
2(ξ+1)(ξ+2)
(ξ+1+2~)(ξ+2+2~) −
(ξ−
1
2+3~)
2ξ(ξ−1)
(ξ−1+2~)(ξ+2~) .
The following estimation “mod O(~2)” holds (~ in denominators is not excluded
because for the zero value of ~ a representation of the extended Weyl algebra in the
corresponding Verma module is not defined):
[L2, L−2] ≡(ξ +
3
2 + 3~)
2(1− 2~
ξ+1+~ )(1−
2~
ξ+2+~ )−
(ξ − 12 + 3~)
2(1− 2~
ξ−1+~ )(1−
2~
ξ+~ ) mod O(~
2).
Extracting the terms of order ~ (because the first term of the order 1 is known) one
receives:
2~(ξ − 12 )
2( 1
ξ−1+~ +
1
ξ+~ )− 2~(ξ +
3
2 )
2( 1
ξ+1+~ +
1
ξ+2+~ ) + 12~.
Perform the estimation “mod HS” and obtain:
2~ξ2( 1
ξ−1+~
+ 1
ξ+~
− 1
ξ+1+~
− 1
ξ+2+~
)− 12~−
2~ξ( 1
ξ−1−~
+ 1
ξ+~
)− 6~( 1
ξ+1+~
+ 1
ξ+2+~
) ∼
2~ξ2( 2
(ξ−1+~)(ξ+1+~)
+ 2
(ξ+~)(ξ+2+~)
) + 12~− 16~ ∼
8~+ 12~− 16~ = 4~.
So the “asymptotic” central charge is equal to 8~.
Analogously, for h→ 1
[L2, L−2] =
(ξ+3h)2(ξ+1)(ξ+2)
(ξ+2h)(ξ+2h+1) −
(ξ+3h−2)2ξ(ξ−1)
(ξ+2h−1)(ξ+2h−2) =
(ξ+3+3~)2(ξ+1)(ξ+2)
(ξ+2+2~)(ξ+3+2~) −
(ξ+1+3~)2ξ(ξ−1)
(ξ+2~)(ξ+1+2~) .
The following estimation “mod O(~2)” holds (~ in denominators is not excluded
because for the zero value of ~ a representation of the extended Weyl algebra in the
corresponding Verma module is not defined):
[L2, L−2] ≡(ξ + 1)(ξ + 3 + 3~)(1−
2~
ξ+2+~ )(1−
2~
ξ+3+~ )(1 +
3~
ξ+3+~ )−
(ξ − 1)(ξ + 1 + 3~)(1− 2~
ξ+~ )(1−
2~
ξ+1+~ )(1 +
3~
ξ+1+~ ) mod O(~
2).
Extracting the terms of order ~ (because the first term of the order 1 is known) one
receives:
~(ξ + 1)(ξ + 3)( 1
ξ+3+~ −
2
ξ+2+~ )− ~(ξ + 1)(ξ − 1)(
1
ξ+1+~ −
2
ξ+~ ) + 6~.
Perform the estimation “mod HS” and obtain:
8~+ 2(ξ + 1)( ξ−1
ξ+~ −
ξ+3
ξ+2+~ ) ∼ 8~− 4~ = 4~.
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So the “asymptotic” central charge is equal to 8~.
Remark 9. The estimation “mod O(~2)” may be strengthened to “mod O(~n)” for
any finite n (but not to “mod O(~∞)” in view of the further estimation “mod HS”).
Remark 10. As follows from the results of the second paragraph the change of an
order of estimations gives the zero central charge of the Virasoro algebra.
Perhaps, the noncommutativity of an order of the estimations “mod O(~n)”
and “mod HS” in the case of qR–conformal symmetries is a partial case of a more
general and fundamental fact of deviations between asymptotical theory of pseu-
dodifferential operators and pseudodifferential calculus on asymptotic manifolds in
sense of [27].
Note that the result of Theorem 3B contains a strange coincidence of “asymp-
totic” central charges of the Virasoro algebra for h→ 1
2
and h→ 1 (namely, c = 8~,
~→ 0). Perhaps, this coincidence may be explaned by the hypothetical suggestion
that for all values of the extremal weight h the Virasoro algebra is presented on a
certain more hidden and unexplicated level universally (i.e. its characteristics do
not depend on h).
Conclusion
In the paper there are investigated various approximate representations of the
infinite dimensional Z–graded Lie algebras: the Witt algebra of all Laurent polyno-
mial vector fields on a circle and its one-dimensional nontrivial central extension,
the Virasoro algebra, by the infinite dimensional hidden symmetries in the Verma
modules over the Lie algebra sl(2,C). There are considered as asymptotic repre-
sentations “mod O(~n)” and representations up to a class S of operators (compact
operators, Hilbert-Schmidt operators and finite-rank operators) as cases, which
combine both types of approximations (and in these cases an effect of noncommu-
tativity of the order of their realizations is explicated, that perhaps is underlied by
a more general fundamental fact of deviations between the asymptotical theory of
pseudodifferential operators and the pseudodifferential calculus on the asymptotic
manifolds in sense of [27]). Some applications of the discussed problems to the
applied problems of information technologies (an organization of the information
transmission in integrated videocognitive interactive systems for accelerated non-
verbal computer and telecommunications) were investigated in the report [28].
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APPENDIX: THE ORIGINAL RUSSIAN VERSION OF ARTICLE
UDK: 517.986.5+512.554.32+512.813.4
PRIBLIЖENNYE PREDSTAVLENI I ALGEBRA VIRASORO
D.V.rьev
Centr matematiqesko fiziki i informatiki “Talassa Зteri”,
ul.Mikluho-Makla 20-180, Moskva 117437 Rossi.
E-mail: denis@juriev.msk.ru
Fevralь, 1997 math.RT/9805001
Danna rabota, adresovanna, v osnovnom, specialistam v teorii pred-
stavleni koneqnomernyh reduktivnyh i beskoneqnomernyh Z–graduiro-
vannyh algebr Li, teorii pribliжeni v funkcionalьnom analize i asim-
ptotiqeskim metodam v isqislenii operatorov, a takжe, otqasti, v ma-
tematiqesko fizike (algebraiqesko kvantovo teorii pol), posvwe-
na izuqeni algebraiqesko i analitiqesko struktury beskoneqnomer-
nyh skrytyh simmetri v teorii predstavleni koneqnomernyh reduk-
tivnyh algebr Li. Bolee toqno, predmetom raboty vlets realizaci
beskoneqnomerno Z–graduirovanno algebry Vitta loranovskih polino-
mialьnyh vektornyh pole na okruжnosti i ee odnomernogo netrivialь-
nogo centralьnogo rasxireni (algebry Virasoro) skrytymi simmet-
rimi v modulh Verma nad algebro Li sl(2,C) (t.n. qR–konformnymi
simmetrimi). Pri зtom, ukazannye beskoneqnomernye algebry Li re-
alizuts qR–konformnymi simmetrimi ne toqno, a pribliжenno. V
statьe rassmatrivats dva tipa pribliжennyh predstavleni: preds-
tavleni po modul nekotorogo klassa S operatorov (operatorov Gilь-
berta-Xmidta, kompaktnyh operatorov ili operatorov koneqnogo ranga)
i asimptotiqeskie predstavleni “mod O(~)”, gde ~ – nekotory para-
metr (v dannom sluqae vozmoжny razliqnye opredeleni operatornogo
“O–bolьxogo” po parametru ~). Pribliжennye predstavleni pervogo
tipa estestvenno traktovatь v kontekste psevdodifferencialьnogo is-
qisleni [1,2], v to vrem kak vtorye – asimptotiqeskih metodov [3-5].
Otmetim, qto asimptotiqeskie predstavleni “mod O(~)” issledovalisь
v ramkah formalizma asimptotiqeskogo kvantovani Karaseva-Maslova
[6], a predstavleni po modul S vlts v opredelennom smysle obob-
wenimi proektivnyh predstavleni [7,8].
Rezulьtaty raboty, nekotorye iz kotoryh byli anonsirovany v зlek-
tronnyh preprintah зlektronnogo arhiva po funkcionalьnomu analizu
Nacionalьnyh laboratori SXA v Los Alamose [9,10], nost skoree
harakter nabldeni, neжeli teorem, trebuwih trudoemkih i ne s-
nyh iz ih formulirovok dokazatelьstv. Dokazatelьstva predstavlennyh
v statьe faktov po suti dela odnohodovy i predstavlt sobo gromozd-
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kie vyqislitelьnye upraжneni (gde зto vozmoжno, opuwennye), opira-
wies na sovokupnostь poluqennyh avtorom ranee vnyh formul; takim
obrazom, smyslova nagruzka prihodits, v osnovnom, na sami formuli-
rovki rezulьtatov.
§1. Predvaritelьnye opredeleni
1.1. Algebra Li sl(2,C) i moduli Verma nad ne. Algebro Li sl(2,C)
nazyvaets trehmernoe prostranstvo kompleksnyh matric 2×2 so sledom
nulь, snabжennoe standartnym kommutatorom [X, Y ] = XY − Y X, gde um-
noжenie v pravo qasti – standartnoe umnoжenie matric. V bazise
l−1 =
(
0 1
0 0
)
, l0 =
(
1
2 0
0 −1
2
)
, l1 =
(
0 0
−1 0
)
kommutacionnye sootnoxeni imet vid: [li, lj] = (i−j)li+j (i, j = −1, 0, 1).
Algebra Li sl(2,C) Z–graduirovana: deg(li) = − ad(l0)li = i, gde ad(X) –
operator prisoedinennogo destvi v algebre Li: ad(X)Y = [X, Y ]. Kak
sledstvie, Z–graduirovannye moduli nad sl(2,C) vlts l0–diagonalь-
nymi. Vektor v v Z–graduirovannom module nad algebro Li sl(2,C)
nazyvaets зkstremalьnym, esli l1v = 0 i linena oboloqka vektorov
ln−1v (n ∈ Z+) sovpadaet s samim modulem (t.e. v – cikliqeski vektor).
Z–graduirovanny modulь v kotorom suwestvuet зkstremalьny vektor
(v зtom sluqae on opredelen s toqnostь do umnoжeni na konstantu)
nazyvaets зkstremalьnym [11]. Зkstremalьny modulь nazyvaets mo-
dulem Verma [12], esli destvie l−1 v nem svobodno, t.e. vektora l
n
−1v
lineno nezavisimy. V sluqae algebry Li sl(2,C) moduli Verma sutь v
toqnosti beskoneqnomernye зkstremalьnye moduli. Зkstremalьnym ve-
som modul Verma nazyvaets qislo h, opredelemoe iz ravenstva l0v =
hv, gde v – зkstremalьny vektor. Moduli Verma opredeleny dl vseh
kompleksnyh qisel h i poparno neizomorfny. V dalьnexem my budem
rassmatrivatь moduli Verma tolьko s vewestvennymi зkstremalьnymi
vesami.
Modulь Verma Vh nad algebro Li sl(2,C) s зkstremalьnym vesom h
moжet bytь realizovan v prostranstve C[z] mnogoqlenov odnogo komplek-
snogo peremennogo z. Formuly dl generatorov algebry Li sl(2,C) imet
vid:
l−1 = z, l0 = z∂z + h, l1 = z∂
2
z + 2h∂z,
zdesь ∂z =
d
dz
.
Modulь Verma nevyroжden (t.e. ne soderжit sobstvennogo podmodul)
pri h 6= −n
2
(n ∈ Z+). Modulь Verma Vh nazyvaets unitarizuemym (ili
зrmitovym), esli v nem zadana struktura predgilьbertova prostranstva
taka, qto l∗i = l−i. Popolnenie unitarizuemogo modul Verma budet
oboznaqatьs V Hilbh . Algebra Li sl(2,C) destvuet v V
Hilb
h neograniqen-
nymi operatorami. Polezno takжe rassmatrivatь formalьnye moduli
Verma V formh , kotorye realizuts v prostranstve C[[z]] formalьnyh ste-
pennyh rdov odnogo kompleksnogo peremennogo z, a formuly dl gene-
ratorov algebry Li sl(2,C) sovpadat s privedennymi vyxe. Pri зtom,
Vh ⊆ V
Hilb
h ⊆ V
form
h , i moduli Vh, V
Hilb
h , V
form
h obrazut troku Gelьfanda
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ili osnawenie gilьbertova prostranstva V Hilbh po Diraku. Destvie vew-
estvenno formy algebry Li sl(2,C), poroжdenno antiзrmitovymi op-
eratorami il0, l1 − l−1 i i(l1 + l−1) v gilьbertovom prostranstve V
Hilb
h
neograniqennymi operatorami, зksponenciruets do unitarnogo preds-
tavleni sootvetstvuwe odnosvzno gruppy Li.
V neunitarizuemom module Verma nad algebro Li sl(2,C) imeets
edinstvenna (s toqnostь do mnoжitel) indefinitna polutoraline-
na forma (·, ·) taka, qto (liv1, v2) = (v1, l−iv2) dl lbyh dvuh vektorov v1
i v2 iz modul Verma. Esli зta polutoralinena forma nevyroжdena
( a v зtom sluqae i sam modulь nevyroжden), to ona imeet signaturu
vida (n,∞), gde n – koneqno, a sledovatelьno, opredeleno popolnenie
takogo modul Verma po Pontrginu [10]. Sootvetstvuwi modulь, v
kotorom algebra Li sl(2,C) destvuet neograniqennymi operatorami, bu-
det oboznaqatьs V Pontrh . Imeet mesto cepoqka vklqeni: Vh ⊆ V
Pontr
h ⊆
V formh . Destvi vewestvenno formy algebry Li sl(2,C), poroжdenno
antiзrmitovymi (otnositelьno nevyroжdenno indefinitno polutora-
lineno formy (·, ·)) operatorami il0, l1 − l−1 i i(l1 + l−1) v prostranstve
Pontrgina V Pontrh neograniqennymi operatorami, зksponenciruets do
psevdounitarnogo predstavleni sootvetstvuwe odnosvzno gruppy Li.
1.2. Skrytye simmetrii v modulh Verma nad algebro Li sl(2,C):
C∗–algebra Lobaqevskogo-Berezina i qR–konformnye simmetrii.
Predloжenie 1 [13]. V nevyroжdennom module Verma Vh nad algebro Li
sl(2,C) odnoznaqno opredeleny operatory D i F takie, qto
[D, l−1] = 1, [D, l0] = D, [D, l1] = D
2,
[l−1, F ] = 1, [l0, F ] = F, [l1, F ] = F
2.
Esli moduli Verma realizovany v prostranstve C[z] mnogoqlenov odno
kompleksno peremenno z, to
D = ∂z, F = z
1
ξ+2h ,
gde ξ = z∂z. Operatory F i D udovletvort sootnoxenim:
[FD,DF ] = 0, [D,F ] = qR(1−DF )(1− FD),
gde qR =
1
2h−1
. V unitarizuemom module Verma (pri qR 6=0) operatory F i
D ograniqeny i F ∗ = D, D∗ = F .
Algebra, poroжdenna peremennymi t i t∗, s sootnoxenimi [tt∗, t∗t] = 0
i [t, t∗] = qR(1− tt
∗)(1− t∗t), buduqi kvantovaniem po Berezinu ploskosti
Lobaqevskogo, realizovanno v ediniqnom kompleksnom diske (realiza-
ci Puankare) [14], nazyvaets algebro Lobaqevskogo-Berezina. Pred-
loжenie 1 pozvolet rassmatrivatь algebru Lobaqevskogo-Berezina kak
C∗–algebru. C∗–algebra Lobaqevskogo-Berezina byla nedavno pereotk-
ryta S.Klimekom i A.Lesnievskim [15].
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Predloжenie 2 [13]. V nevyroжdennom module Verma Vh nad algebro Li
sl(2,C) odnoznaqno opredeleny operatory Ln (n ∈ Z) takie, qto
[li, Ln] = (i− n)Li+n (i = 1, 2, 1; n ∈ Z),
pri зtom, Li = li (i = −1, 0, 1). Esli moduli Verma realizovany v prost-
ranstve C[z] mnogoqlenov odno kompleksno peremenno z, to
Lk = (xi+ (k + 1)h)∂
k
z (k ≥ 0), L−k = z
k ξ+(k+1)h
(ξ+2h)...(ξ+2h+k−1) (k ≥ 1),
gde ξ = z∂z. Operatory Ln udovletvort sootnoxenim:
[Ln, Lm] = (n−m)Ln+m, esli n,m ≥ −1 ili n,m ≤ 1.
V unitarizuemom module Verma operatory Ln neograniqeny i L∗i = L−1.
Operatory Ln nazyvats qR–konformnymi simmetrimi. Oni sim-
voliqeski mogut bytь predstavleny v vide:
Ln = D
nhL0D
n(1−h), L−n = F
n(1−h)L0F
nh.
Dl pridani smysla simvoliqesko zapisi sleduet vospolьzovatьs ob-
wimi perestanovoqnymi sootnoxenimi
[Ln, f(D)] = (−D)
n+1f ′(D) (n ≥ −1), [L−n, f(F )] = F
n+1f ′(D) (n ≥ −1)
pri n = 0.
Sootnoxeni kommutacii operatorov D, F i generatorov qR–konform-
nyh simmetri s generatorami algebry Li sl(2,C) oznaqat, qto semes-
tva Jk i Lk (k ∈ Z), gde Ji = D
i, J−i = F
i (i ∈ Z+), vlts semestvami
tenzornyh operatorov [8,16] dl algebry Li sl(2,C).
S semestvami tenzornyh operatorov Jk i Lk moжno associirovatь ih
proizvodwie funkcii – operatornye pol, t.e. formalьnye rdy Lo-
rana ot odno kompleksno peremenno u s operatornymi koзfficienta-
mi:
J(u) =
∑
i∈Z
Ji(−u)
−1−i, T (u) =
∑
i∈Z
Li(−u)
−2−i.
Pri kaжdom znaqenii u operatornoe pole zadaet otobraжenie Vh v V
form
h .
Tot fakt, qto Jk i Tk (k ∈ Z) obrazut semestva tenzornyh operatorov,
na zyke operatornyh pole oznaqaet, qto
[li, J(u)] = (−u)
iJ(u)− (−u)i+1J ′(u), [li, T (u)] = 2(−u)
iT (u)− (−u)i+1T ′(u).
Operatornye pol V (u), preobrazuwies kak s–differencialy pod de-
stviem algebry Li sl(2,C) (t.e. udovletvorwie toжdestvu [li, V (u)] =
s(−u)iV (u)−(−u)i+1V ′(u)), nazyvats sl(2,C)–perviqnymi spina s; takim
obrazom, operatornye pol J(u) i T (u) vlts sl(2,C)–perviqnymi spi-
na 1 i 2, sootvetstvenno. Operatornye pol J(u) i T (u), a takжe ih
svostva podrobno izuqalisь v [13].
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1.3. Beskoneqnomernye Z–graduirovannye algebry Li: algebra Vit-
ta wC loranovskih polinomialьnyh vektornyh pole na okruжnosti
i algebra Virasoro virC, ee odnomernoe netrivialьnoe centralьnoe
rasxirenie. Algebra Li Vect(S1) realizuets v prostranstve C∞–glad-
kih vektornyh pole v(t)∂t na okruжnosti S
1 ≃ R/2piZ s kommutatorom
[v1(t)∂t, v2(t)∂t] = (v1(t)v
′
2(t)− v
′
1(t)v2(t))∂t.
V bazise sn = sin(nt)∂t, cn = cos(nt)∂t, h = ∂t kommutacionnye sootnoxeni
imet vid:
[sn, sm] =
1
2 ((m− n)sn+m + sgn(n−m)(n+m)s|n−m|),
[cn, cm] =
1
2
((n−m)sn+m + sgn(n−m)(n+m)s|n−m|),
[sn, cm] =
1
2
((m− n)cn+m − (m+ n)c|n−m|)− nδnmh,
[h, sn] = ncn, [h, cn] = −nsn.
Oboznaqim VectC(S1) kompleksifikaci algebry Li Vect(S1). V bazise
en = ie
ikt∂t kommutacionnye sootnoxeni v algebre Li Vect
C(S1) imet
vid:
[ej , ek] = (j − k)ej+k.
Udobno takжe rassmatrivatь vloжenie okruжnosti S1 v kompleksnu
ploskostь C s koordinato z, pri зtom na okruжnosti z = eit, a зlementy
bazisa ek (k ∈ Z) predstavlts loranovskimi polinomialьnymi vek-
tornymi polmi: ek = z
k+1∂z. Z–graduirovanna algebra Li, poroжden-
na loranovskimi polinomialьnymi vektornymi polmi (t.e. koneqnymi
linenymi kombinacimi зlementov bazisa ek), nazyvaets algebro Vit-
ta i oboznaqaets wC. Algebra Vitta wC vlets kompleksifikacie
podalgebry w algebry Vect(S1), poroжdenno trigonometriqeskimi po-
linomialьnymi vektornymi polmi na okruжnosti S1, t.e. koneqnymi
linenymi kombinacimi зlementov bazisa sn, cn i h.
Algebra Li Vect(S1) dopuskaet netrivialьnoe odnomernoe centralьnoe
rasxirenie, zadavaemoe 2-kociklom Gelьfanda-Fuksa [17]:
c(v1(t)∂t, v2(t)∂t) =
∫ 2pi
0
(v′1(t)v
′′
2 (t)− v
′
2(t)v
′
1(t)) dt.
Dannoe rasxirenie, buduqi prodolжennym na kompleksifikaci VectC(S1)
algebry Li Vect(S1) i ograniqennym na podalgebru wC, zadaet odnomer-
noe centralьnoe rasxirenie algebry Vitta, nazyvaemoe algebro Vira-
soro i oboznaqaemoe virC. Algebra Virasoro poroжdaets generatorami
ek (k ∈ Z) i centralьnym зlementom c s kommutacionnymi sootnoxenimi:
[ej , ek] = (j − k)ej+k +
j3 − j
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c
i vlets kompleksifikacie centralьnogo rasxireni vir algebry Li
w. V neprivodimom predstavlenii centralьny зlement c algebry Vira-
soro perehodit v skalrny operator, koзfficient proporcionalьnosti
kotorogo ediniqnomu operatoru nazyvaets centralьnym zardom.
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§2. HS–proektivnye predstavleni algebry
Vitta v modulh Verma nad algebro Li sl(2,C)
2.1. A–proektivnye predstavleni [9].
Opredelenie 1A. Pustь A – proizvolьna associativna algebra, pred-
stavlenna linenymi operatorami v linenom prostranstve H i g – al-
gebra Li. Linenoe otobraжenie T : g 7→ End(H) nazyvaets A–proek-
tivnym predstavleniem, esli dl proizvolьnyh X i Y iz g suwestvuet
зlement algebry A, predstavlenny operatorom AXY , tako, qto
[T (X), T (Y )]− T ([X, Y ]) = AXY .
Esli H beskoneqnomerno, to predstavlenie moжet osuwestvltьs ne-
ograniqennymi operatorami s podhodwimi oblastmi opredeleni.
Zameqanie 1. Opredelenie 1A moжet bytь obobweno na proizvolьnye an-
tikommutativnye algebry. V зto situacii ono tesno svzano s kons-
trukcimi predstavleni antikommutativnyh algebr jl(2,C) i sl∗(2,C) v
[18,19;20:§2]. V celom, ego sleduet rassmatrivatь v kontekste staryh
ide A.I.Malьceva o predstavlenih proizvolьnyh neassociativnyh al-
gebr [21]. Obwie antikommutativnye algebry i konstrukcii ih A–proek-
tivnyh predstavleni interesny s toqki zreni kvazihopfovyh algebr,
neassociativnyh kak koalgebry, kobievyh i kokobievyh kvazibialgebr
i svzannyh s nimi struktur (sm.ssylki v [9]).
Primer. Esli (g, h) – reduktivna para, to lboe predstavlenie algebry
Li g vlets U(h)–proektivnym predstavleniem binarno antikommuta-
tivno algebry p (g = h ⊕ p, binarna operaci v p imeet standartny
vid: [X, Y ]p = pi([X, Y ]), gde [·, ·] – kommutator v g, a pi – proektor g na p
vdolь h [22]).
Zameqanie 2. Standartnoe proektivnoe predstavlenie vlets qastnym
sluqaem opredeleni, esli algebra A odnomerna i destvuet v H skalr-
nymi matricami.
Zameqanie 3. Esli H – gilьbertovo (ili predgilьbertovo) prostranstvo,
to v kaqestve A moжno rassmatrivatь algebru HS vseh operatorov Gilь-
berta-Xmidta. Moжno takжe rassmatrivatь algebry B, K, T C i FR
ograniqennyh, kompaktnyh, dernyh operatorov i operatorov koneqnogo
ranga.
Opredelenie 1B. Pustь A – associativna algebra s involcie ∗, sim-
metriqno predstavlenna v gilьbertovom prostranstve H. Esli g – al-
gebra Li s involcie ∗, to ee A–proektivnoe predstavlenie T v pros-
transtve H nazyvaets simmetriqnym, esli dl vseh зlementov a iz g
T (a∗) = T ∗(a). Pustь g – Z–graduirovanna algebra Li (g = ⊕n∈Zgn) s
involcie ∗ taka, qto g∗n = g−n i involci toжdestvenna na podal-
gebre g0. Prodolжim Z–graduirovku i involci ∗ s algebry Li g na
tenzornu algebru T·(g). Simmetriqnoe A–proektivnoe predstavlenie g
nazyvaets absoltno simmetriqnym, esli dl lbogo зlementa a algeb-
ry T·(g) takogo, qto deg(a) = 0, vypolneno ravenstvo T (a) = T ∗(a) (zdesь
predstavlenie T algebry Li g v H prodolжeno do otobraжeni T·(g) v
End(H).
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Opredelenie 1V. A–proektivnoe predstavlenie T algebry Li g v li-
nenom prostranstve H nazyvaets poqti absoltno zamknutym, esli
dl lbogo naturalьnogo n i proizvolьnyh зlementov X0, X1, X2, . . .Xn+1
algebry Li g suwestvuet зlement ϕ(X0, X1, X2, . . .Xn+1) algebry g tako,
qto
[ . . . [[T (X0), T (X1)], T (X2)], . . . , T (Xn+1)]≡T (ϕ(X0, X1, X2, . . .Xn+1)) (mod A),
zdesь A rassmatrivaets predstavlenno v End(H). Poqti absoltno
zamknutoe A–proektivnoe predstavlenie T algebry Li g v linenom pros-
transtve H nazyvaets absoltno zamknutym, esli ϕ(·, . . . , ·) ≡ 0.
Otobraжeni (X0, X1, X2, . . .Xn+1) 7→ ϕ(X0, X1, X2, . . .Xn+1), associiro-
vannye s proizvolьnym poqti absoltno zamknutym A–proektivnym pred-
stavleniem algebry Li g, opredelt vysxie skobki v algebre Li g.
Obъekty s vysximi skobkami sistematiqeski povlts vo mnogih ob-
lasth matematiki i matematiqesko fiziki (sm.napr.knigu [6] ili sta-
tь [23] sredi proqih i mnogoqislennye ssylki v nih).
2.2. HS–proektivnye predstavleni algebry Vitta qR–konformnymi
simmetrimi v unitarizuemyh modulh Verma Vh nad algebro Li
sl(2,C) [9]. Otmetim, qto algebra Vitta wC dopuskaet estestvennu in-
volci ∗.
Teorema 1A. Generatory Lk (k ∈ Z) qR–konformnyh simmetri v uni-
tarizuemom module Verma Vh nad algebro Li sl(2,C) osuwestvlt abso-
ltno simmetriqnoe HS–proektivnoe predstavlenie algebry Vitta wC.
Dobavlenie k tenzornym operatoram Lk tenzornyh operatorov Jk (k ∈ Z)
privodit k absoltno simmetriqnomu HS–proektivnomu predstavleni
poluprmo summy algebry Vitta i beskoneqnomerno Z–graduirovanno
algebry Gezenberga (odnomernogo centralьnogo rasxireni beskoneqnomer-
no Z–graduirovanno abelevo algebry Li C[z, z−1] mnogoqlenov Lorana).
Utverжdenie teoremy sleduet iz vnyh formul dl generatorov qR–
konformnyh simmetri i tenzornyh operatorov Jk. Proverka na pri-
nadleжnostь klassu HS operatorov Gilьberta-Xmidta dl operatorov
fiksirovanno stepeni otnositelьno graduirovki v Z–graduirovannom
prostranstve mnogoqlenov C[z], snabжennom nekotorym skalrnym proiz-
vedeniem, otnositelьno kotorogo odnomernye vesovye prostranstva orto-
gonalьny, kakovym i vlets unitarizuemy modulь Verma nad algebro
Li sl(2,C), ne predstavlet nikakih problem.
Zameqanie 4. HS–proektivnye predstavleni algebry Vitta v unitari-
zuemyh modulh Verma nad sl(2,C) absoltno zamknuty.
Zameqanie 5. Teorema 1A perenosits na psevdounitarny sluqa s za-
meno klassa HS operatorov Gilьberta-Xmidta na klass K kompaktnyh
operatorov.
Rezulьtaty, kasawies “зksponencirovanno” versii teoremy 1A,
anonsirovany v зlektronnyh preprintah [24,25].
2.3. FR–proektivnye predstavleni algebry Vitta v modulh Verma
nad algebro Li sl(2,C) s зkstremalьnym vesom 1 i 12 . V nekotoryh
qastnyh sluqah utverжdenie teoremy 1A moжet bytь usileno.
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Teorema 1B. Pri h = 1 ili h = 12 HS–proektivnoe predstavlenie algebry
Vitta qR–konformnymi simmetrimi v unitarizuemyh modulh Verma
nad algebro Li sl(2,C) vlets FR–proektivnym. Pri h = 12 FR–pro-
ektivnym vlets i HS–proektivnoe predstavlenie poluprmo summy
algebry Vitta i beskoneqnomerno algebry Gezenberga.
Utverжdenie sleduet iz vnyh formul dl tenzornyh operatorov Lk i
Jk.
Zameqanie 6. Pri h = 0 K–proektivnoe predstavlenie algebry Vitta v
module Verma nad algebro Li sl(2,C) vlets FR–proektivnym.
2.4. B–proektivnye predstavleni algebry Vitta. Otmetim, qto k
qislu “neudobstv” mnogih A–proektivnyh predstavleni, v tom qisle
esli A – nekotory klass operatorov K, HS, T C ili FR, otnosits,
voobwe govor, nezamknutostь ih sovokupnosti otnositelьno vzti ten-
zornyh proizvedeni. Dl klassa жe B ograniqennyh operatorov ten-
zornye proizvedeni B–proektivnyh predstavleni opredeleny. Odnako,
vskoe S–proektivnoe predstavlenie, gde S – odin iz upomnutyh vyxe
klassov, vlets B–proektivnym i kak takovoe, inogda, netrivialьnym
(kogda ishodnye predstavleni osuwestvllisь neograniqennymi opera-
torami), qto pozvolet konstruirovatь ih tenzornye proizvedeni, ko-
torye budut v зtom sluqae netrivialьnymi B–proektivnymi predstav-
lenimi.
Nazovem S–proektivnoe predstavlenie algebry Li g (S – nekotory
operatorny klass) S–neprivodimym, esli operatory predstavleni od-
novremenno ne mogut bytь privedeny putem dobavleni k nim зlementov
iz S k vidu, v kotorom oni vse obladali by obwim dl nih sobstvennym
invariantnym podprostranstvom.
Teorema 2. Pustь Th – B–proektivnoe predstavlenie algebry Vitta wC
qR–konformnymi simmetrimi v module Verma Vh nad algebro Li sl(2,C),
togda B–proektivnye predstavleni Sn(Th) (zdesь Sn oboznaqaet funktor
vzti n–o simmetriqesko stepeni, sr.[26]) B–neprivodimy.
Utverжdenie teoremy sleduet iz vnyh formul dl generatorov qR–
konformnyh simmetri.
Zameqanie 7. Razloжeni tenzornyh proizvedeni Th1 ⊗ . . .⊗Thn B–proek-
tivnyh predstavleni Thi na B–neprivodimye komponenty v obwem sluqae
neizvestny.
§3. Asimptotiqeskie predstavleni algebr Vitta i
Virasoro v modulh Verma nad algebro Li sl(2,C)
3.1. Asimptotika qR–konformnyh simmetri v modulh Verma Vh
nad algebro Li sl(2,C) pri qR → 0 (h→
1
2
) i qR → 1 (h→ 1) i algebra
Vitta wC. Pustь A – algebra koneqnyh linenyh kombinaci vyraжeni
vida f(qp)pn (n ∈ Z+) ili q
nf(qp) (n ∈ Z+), [p, q] = 1, a f – racionalьnye
funkcii, qьi znamenateli ne imet nule v celyh toqkah. Budem nazy-
vatь A rasxirenno algebro Vel. Rasxirenna algebra Vel vlets
topologiqesko algebro otnositelьno estestvenno shodimosti.
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Lemma. Rasxirenna algebra Vel A dopuskaet toqnoe predstavlenie v
module Verma Vh (h 6∈ Z/2):
p→ ∂z, q → z.
Pri зtom, generatory qR–konformnyh simmetri Lk (k ∈ Z), ravno kak i
generatory D, F algebry Lobaqevskogo-Berezina, prinadleжat obrazu ras-
xirenno algebry Vel A.
Budem ponimatь v dalьnexem “O–bolьxoe” dl asimptotik operato-
rov v modulh Verma nad algebro Li sl(2,C) s nepolucelymi зkstre-
malьnymi vesami, prinadleжawih rasxirenno algebre Vel (poskolь-
ku ee predstavleni v modulh Verma toqny moжno otoжdestvltь samu
algebru s ee obrazom), v smysle topologii v rasxirenno algebre Vel.
Teorema 3A. Generatory qR–konformnyh simmetri v modulh Verma V 1
2
+~
(0< ~< 1
2
) nad algebro Li sl(2,C) obrazut asimptotiqeskoe “mod O(~)”
predstavlenie algebry Vitta wC.
Generatory qR–konformnyh simmetri v modulh Verma V1±~ (0 < ~ <
1
2 ) nad algebro Li sl(2,C) takжe obrazut asimptotiqeskoe “mod O(~)”
predstavlenie algebry Vitta wC.
Pervoe utverжdenie teoremy, nemedlenno sleduwee iz vnogo vida
generatorov qR–konformnyh simmetri, bylo po suti dela dokazano v
[10], gde rassmatrivalasь sootvetstvuwa “зksponencirovanna” ver-
si. Vtoroe emu polnostь podobno.
Zameqanie 8. Utverжdenie teoremy perestaet bytь vernym, elsi “O–
bolьxoe” rassmatrivaets v smysle (slabo) operatorno shodimosti
v prostranstve operatorov v modulh Verma Vh nad algebro Li sl(2,C),
otoжdestvlennyh s prostranstvom C[z] polinomov.
Otvet na vopros o priqinah “rashoжdeni” meжdu teoremo 3A i zame-
qaniem 8 zaklqaets v sleduwem: toqnye predstavleni rasxirenno
algebry Vel ne tolьko ne suwestvut pri predelьnom znaqenii ~=0, no
buduqi nepreryvnymi (v slabo operatorno topologii v prostranstve
Vh) pri vseh znaqenih parametra ~ iz intervala 0 < ~ <
1
2
, ne vlt-
s ravnomerno nepreryvnymi na зtom intervale. Otmetim takжe, qto
nepreryvnye predstavleni rasxirenno algebry Vel v modulh Ver-
ma Vh nad algebro Li sl(2,C) prodolжats do predstavleni neogra-
niqennymi operatorami v prostranstvah V Hilbh (ili V
Pontr
h ), i, kak sled-
stvie, ne nepreryvnyh, qto, odnako, tipiqno dl teorii predstavleni
algebr Li.
3.2. Ocenka “mod HS” vtorogo qlena asimptotiki qR–konformnyh
simmetri v modulh Verma Vh nad algebro Li sl(2,C) pri qR → 0
(h → 1
2
) i pri qR → 1 (h → 1) i algebra Virasoro vir
C. Pri “gibri-
dizacii” pribliжeni “mod O(~n)” i “mod S” nabldaets interesnoe
vlenie “nekommutiruemosti” ocenok, primer qemu predostavlt asim-
ptotiki qR–konformnyh simmetri.
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Teorema 3B. Dl generatorov qR–konformnyh simmetri v modulh Ver-
ma V 1
2
+~ (0<~<
1
2 ) nad algebro Li sl(2,C) imeets sleduwa asimptotika
“mod O(~2)”:
[Li, Lj] = (i− j)Li+j + ~A+O(~
2),
gde
A ≡
2
3
(i3 − i)δij mod HS .
Takim obrazom, generatory qR–konformnyh simmetri obrazut pribli-
жennoe predstavlenie algebry Virasoro virC pri h→ 12 v ukazannom smys-
le.
Dl generatorov qR–konformnyh simmetri v modulh Verma V1±~ (0<
~< 1
2
) nad algebro Li sl(2,C) takжe imeets asimptotika “mod O(~2)”:
[Li, Lj] = (i− j)Li+j + ~A+O(~
2),
gde
A ≡
2
3
(i3 − i)δij mod HS .
Takim obrazom, generatory qR–konformnyh simmetri obrazut pribli-
жennoe predstavlenie algebry Virasoro virC pri h→ 1 v ukazannom smysle.
V utverжdenii teoremy ocenki “mod O(~2)” ponimats v smysle s-
hodimosti v rasxirenno algebre Vel A, pri зtom HS oboznaqaet so-
vokupnostь зlementov зto algebry, realizuemyh operatorami Gilьber-
ta-Xmidta pri toqnom predstavlenii v modulh Verma nad algebro Li
sl(2,C) dl vseh dostatoqno malyh znaqeni ~ (inymi slovami, esli pih
– predstavlenie A v Vh i HSh – prostranstvo operatorov Gilьberta-
Xmidta v Vh, to HS ponimaets v teoreme v smysle
lim
~→0
⋂
h0<h<h0+~
pi−1h (HSh ∩pih(A)),
gde h0 =
1
2 ili h0 = 1).
Rezulьtat teoremy 3B sleduet iz vnyh vyqisleni. Privedem vyqis-
lenie kommutatora [L2, L−2] i ego ocenki, kotoryh dostatoqno dl op-
redeleni centralьnogo zarda algebry Virasoro. Modulь Verma Vh
realizovan v prostranstve mnogoqlenov C[z], ξ = z∂z, a generatory qR–
konformnyh simmetri zadats vyraжenimi, vypisannymi ranee. Tog-
da pri h→ 1
2
[L2, L−2] =
(ξ+3h)2(ξ+1)(ξ+2)
(ξ+2h)(ξ+2h+1) −
(ξ+3h−2)2ξ(ξ−1)
(ξ+2h−1)(ξ+2h−2) =
(ξ+
3
2
+3~)2(ξ+1)(ξ+2)
(ξ+1+2~)(ξ+2+2~) −
(ξ−
1
2
+3~)2ξ(ξ−1)
(ξ−1+2~)(ξ+2~) .
Imeyet mesto sleduwa ocenka “mod O(~2)” (~ v znamenatelh ostavlen,
t.k. pri nulevom ~ ne opredeleno predstavlenie rasxirenno algebry
Vel v sootvetstvuwem module Verma):
[L2, L−2] ≡(ξ +
3
2 + 3~)
2(1− 2~
ξ+1+~ )(1−
2~
ξ+2+~ )−
(ξ − 12 + 3~)
2(1− 2~
ξ−1+~ )(1−
2~
ξ+~ ) mod O(~
2).
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Vydel qleny pordka ~ (poskolьku starxi qlen pordka edinicy uжe
izvesten), poluqim:
2~(ξ − 1
2
)2( 1
ξ−1+~
+ 1
ξ+~
)− 2~(ξ + 3
2
)2( 1
ξ+1+~
+ 1
ξ+2+~
) + 12~.
Provedem teperь ocenku “mod HS” i poluqim:
2~ξ2( 1
ξ−1+~ +
1
ξ+~ −
1
ξ+1+~ −
1
ξ+2+~ )− 12~−
2~ξ( 1
ξ−1−~ +
1
ξ+~ )− 6~(
1
ξ+1+~ +
1
ξ+2+~ ) ∼
2~ξ2( 2(ξ−1+~)(ξ+1+~) +
2
(ξ+~)(ξ+2+~) ) + 12~− 16~ ∼
8~+ 12~− 16~ = 4~.
Takim obrazom, “asimptotiqeski” centralьny zard raven 8~.
Analogiqno, pri h→ 1
[L2, L−2] =
(ξ+3h)2(ξ+1)(ξ+2)
(ξ+2h)(ξ+2h+1) −
(ξ+3h−2)2ξ(ξ−1)
(ξ+2h−1)(ξ+2h−2) =
(ξ+3+3~)2(ξ+1)(ξ+2)
(ξ+2+2~)(ξ+3+2~)
−
(ξ+1+3~)2ξ(ξ−1)
(ξ+2~)(ξ+1+2~)
.
Imeet mesto sleduwa ocenka “mod O(~2)” (~ v znamenatelh ostavlen,
t.k. pri nulevom ~ ne opredeleno predstavlenie rasxirenno algebry
Vel v sootvetstvuwem module Verma):
[L2, L−2] ≡(ξ + 1)(ξ + 3 + 3~)(1−
2~
ξ+2+~ )(1−
2~
ξ+3+~ )(1 +
3~
ξ+3+~ )−
(ξ − 1)(ξ + 1 + 3~)(1− 2~
ξ+~
)(1− 2~
ξ+1+~
)(1 + 3~
ξ+1+~
) mod O(~2).
Vydel qleny pordka ~ (poskolьku starxi qlen pordka edinicy uжe
izvesten), poluqim:
~(ξ + 1)(ξ + 3)( 1
ξ+3+~ −
2
ξ+2+~ )− ~(ξ + 1)(ξ − 1)(
1
ξ+1+~ −
2
ξ+~ ) + 6~.
Provedem teperь ocenku “mod HS” i poluqim:
8~+ 2(ξ + 1)( ξ−1
ξ+~ −
ξ+3
ξ+2+~ ) ∼ 8~− 4~ = 4~.
Takim obrazom, “asimptotiqeski” centralьny zard optь raven 8~.
Zameqanie 9. Ocenka “mod O(~2)” moжet bytь uluqxena do “mod O(~n)”
dl lbogo koneqnogo n (no ne do “mod O(~∞)” iz-za posleduwe ocenki
“mod HS”).
Zameqanie 10. Kak sleduet iz rezulьtatov vtorogo paragrafa perestanov-
ka pordka ocenok privodit k nulevomu centralьnomu zardu dl algebry
Virasoro.
Po-vidimomu, neperestanovoqnostь pordka ocenok “mod O(~n)” i “mod
HS” v sluqae qR–konformnyh simmetri vlets otraжeniem bolee ob-
wego i fundamentalьnogo fakta razliqi meжdu asimptotiqesko teori-
e psevdodifferencialьnyh operatorov i psevdodifferencialьnym is-
qisleniem na asimptotiqeskih mnogoobrazih v smysle [27].
Otmetim, qto rezulьtat teoremy 3B soderжit strannoe sovpadenie
“asimptotiqeskih” centralьnyh zardov dl algebry Virasoro pri h→
1
2
i h→ 1 (a imenno, c = 8~, ~→ 0). Vozmoжno, зto sovpadenie obъsnet-
s tem, qto pri vseh znaqenih зkstremalьnogo vesa h algebra Vira-
soro prisutstvuet na nekotorom ewe bolee skrytom i poka ne vyvlennom
urovne universalьno (t.e. ee harakteristiki ne zavist ot h).
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Zaklqenie
V rabote issledovany razliqnye pribliжennye predstavleni besko-
neqnomernyh Z–graduirovannyh algebr Li: algebry Vitta loranovskih
polinomialьnyh vektornyh pole na okruжnosti i ee odnomernogo ne-
trivialьnogo centralьnogo rasxireni, algebry Virasoro, beskoneq-
nomernymi skrytymi simmetrimi v modulh Verma nad algebro Li
sl(2,C). Rassmotreny kak asimptotiqeskie predstavleni “mod O(~n)” i
predstavleni s toqnostь do operatorov iz nekotorogo klassa S (kom-
paktnyh operatorov, operatorov Gilьberta-Xmidta ili operatorov ko-
neqnogo ranga), tak i sluqai, sovmewawie oba tipa pribliжeni (i v
dannom sluqae vyvlen зffekt neperestanovoqnosti pordka ih vypolne-
ni, qto, po-vidimomu, svidetelьstvuet o bolee obwem i fundamentalь-
nom fakte razliqi meжdu asimptotiqesko teorie psevdodifferenci-
alьnyh operatorov i psevdodifferencialьnym isqisleniem na asimp-
totiqeskih mnogoobrazih v smysle [27]). Nekotorye priloжeni obsuж-
daemyh voprosov k prikladnym problemam informacionnyh tehnologi
(organizaci peredaqi informacii v integrirovannyh videokognitivnyh
interaktivnyh sistemah dl uskorennyh neverbalьnyh kompьternyh i
telekommunikaci) izuqalisь v rabote [28].
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